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Abstract. Phase properties of the field interacting with a two-level atom in a lossless cavity Jaynes-
Cummings model, taking into account the level shifts produced by Stark effect with an additional Kerr
medium for one-mode are studied using the phase formalism of Pegg and Barnett. It is shown in par-
ticular that phase properties of the field reflect the collapse and revival phenomena. The results for the
time evolution of the phase probability distribution and the phase fluctuations are obtained. The effect of
Stark shift on the phase properties in both the absence and presence of a Kerr medium is analyzed. Phase
localization is found for certain choice of the parameters.

PACS. 32.80.Dz Autoionization – 32.80.Rm Multiphoton ionization and excitation to highly excited states
(e.g., Rydberg states)

1 Introduction

Real systems are often approximated by simple models,
which can be solved exactly. One such model is the Jaynes-
Cummings model (JCM), where a single two-level atom
interacts with a single cavity mode [1]. Using this model
the recent experiments done with Rydberg atoms in a mi-
crowave cavity are well explained [2,3]. A Kerr medium
inside the cavity can be modeled by an anharmonic oscil-
lator [4,5]. As was shown recently by Buzek and Jex [6]
the Schrödinger equation for the combination of both of
these models can be solved exactly in the rotating wave ap-
proximation. The JCM with intensity dependent coupling
has been discussed [7]. This model is of interest because it
gives rise to commensurable Rabi frequencies. The dynam-
ical behavior of it is exactly periodic and can be compared
with the standard JCM. When either Kerr or the Stark ef-
fect are taken into consideration some of the properties are
affected [8]. Phase properties of the field in the JCM are
examined in [9] by using the new phase formalism intro-
duced by Pegg and Barnett [10–12]. The time behaviour
of the phase density distribution presented on a polar di-
agram resembles a lot that of the Q-function in phase
space. Namely, the interaction forces each phase state to
split into two phase states rotating in opposite directions.
During the period when the counterrotating distributions
are well separated, the atomic inversion shows no oscilla-
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tions. When the two satellite distributions overlap again,
the revival of the atomic inversion occurs. Naturally, the
variance of the phase carries some information about the
collapses and revivals. However, in this case care must be
taken because a particular choice of the reference phase,
because it may influence the calculated phase properties of
the state [9,13]. The detuning effects on the phase proper-
ties for one- and two-photon JCM, the long time behaviour
of the second or fourth order variances and distribution
function for the phase have been discussed for the cases
of on-resonance and off-resonance cases [14]. Further, both
one- and two-photon JCMs have been extended to include
the effects of a Kerr-like medium [15].

In this paper we study the interaction between an
atomic system described by a two-level atom and the
quantized radiation field in the rotating wave approxi-
mation taking into account both Kerr and Stark effects.
The intensity dependent Stark effect can be employed in
quantum non-demolition measurements [16–18]. Kerr ef-
fects can be observed by surrounding the atom by a non-
linear medium inside a high Q-cavity [6]. We obtain the
wave function of the total system at any time t > 0,
for one-photon Jaynes-Cummings model with both Stark
shift and a Kerr effect. We use Pegg-Barnett phase for-
malism to study the phase properties of a coherent field
interacting with this system. We exhibit the phase prob-
ability distribution, the phase variance and find phase
localization for certain parameters.
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2 Basic equations

We consider the Hamiltonian for the one-photon Jaynes-
Cummings model with Stark shift and a Kerr-like
medium. It describes the interaction of a single-mode
quantized field with a two level atom via a one-photon
process and intensity dependent Stark shift and non-linear
Kerr-like medium. The effective Hamiltonian of the sys-
tem in the rotating-wave approximation can be written
as

Ĥ =
1

2
ω◦σz + ωâ†â+ βâ†â | e〉〈e |

+χâ†2â2 + λ(âσ+ + â†σ−), (1)

where â† (â) is the creation (annihilation) operators for
the photon of frequency ω, λ describes the coupling to
the atomic system, χ denotes the coupling to the non-
linear Kerr medium and β is the parameter describing the
intensity-dependent Stark shift of the two levels that are
due to the virtual transitions to the intermediate relay
level [6–8]. When β = 0 equation (1) reduces to that of
[15] The two level atom with transition frequency ω◦ is
described by the Pauli raising and (lowering) operators
σ+, (σ−) and the inversion operator σz. It is easy to prove
that the Hamiltonian (1) has the following two constants

of motion Ĥ◦ and Ĥin, where

Ĥ = Ĥ◦ + Ĥin, (2)

Ĥ◦ = ω◦(σz + â†â) (3)

and Ĥin is the interaction Hamiltonian and is given by

Ĥin =
∆

2
σz + βâ†â | e〉〈e |

+χâ†2â2 + λ(âσ+ + â†σ−) (4)

with the detuning parameter ∆ = ω−ω◦. The initial state
of the total atom-field system can be written as

| ψ(0)〉 =| ψ(0)〉f⊗ | ψ(0)〉a =
∑
n=0

qn | n, e〉, (5)

means that the atom starts in its excited state, the field
is assumed to be initially in a coherent state where qn =

e(−n̄/2) α
n

√
n!
, α =| α | eiφ and n̄ =| α |2 is the mean

photon number of the coherent field. The solution of the
Schrödinger equation in the interaction picture i.e. the
wave function of the system at any time t > 0 is given
by

| ψ(t)〉 =
∞∑
n=0

qne
−iγnλt

(
An(t) | n, e〉

+Bn(t) | n+ 1, g〉

)
(6)

where the coefficientsAn andBn are given by the formulae

An(t) = cosλtνn −
i

2λ
[∆+ βn− 2nχ]

sinλtνn
νn

, (7)

Bn(t) = −i
√
n+ 1

sinλtνn
νn

, (8)

and

γn =
1

2λ

(
n2χ+ βn

)
, (9)

νn =

√(
1

2λ
[∆+ βn− 2nχ]

)2

+ n+ 1. (10)

With the wave function | ψ(t)〉 calculated, any property
related to the atom or the field can be calculated. It is
to be noted that when we put β = 0 = χ, we get the
results of [14], while when we put β = 0, we get the results
of [15], mean-while if either β or χ are taken to be zero
we get the two cases of reference [7]. In what follows we
shall consider the effect of both Kerr and Stark shift on
dynamical behaviour of the phase properties of the system
for single photon transition.

3 Phase properties

Difficulties have been found with proper description of
phase variables [19]. Recently, Pegg and Barnett have sug-
gested a new approach using the states of well-defined
phase as a starting point [10–12]. To construct a phase
operator that is hermitian they restrict the state space to
(s + 1)-dimensional space Ψ spanned by the first (s + 1)
number states. The value of s can be be made arbitrary
large. Using the standard procedure [9–15], the phase
probability distribution, the expectation value and the
variance of the Hermitian phase operator may be obtained
for the field. Expectation values are first calculated in Ψ
before s is allowed to tend to infinity. The set of orthogonal
phase states is defined by the following form

| θm〉 =
1

√
s+ 1

s∑
n=0

einθm | n〉, m = 0, 1, 2, 3, ........, s

(11)

with

θm = θ◦ +
2πm

s+ 1
· (12)

These states are eigenstates of the Hermitian phase oper-
ator

Φθ =
s∑

m=0

θm | θm〉〈θm | . (13)
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It is apparent from equation (13) that the operator Φθ has
eigenvalues which are restricted to the interval [θ◦, θ◦+2π]
where the value of the reference phase θ◦ is arbitrary. At
t = 0 the cavity field mode is in a coherent state, which is
a particular case of the partial physical phase state [12].
Therefore, following Pegg and Barnett we choose the ref-
erence phase θ◦ appearing in equation (12) as

θ◦ = Φ− πs/(s+ 1), (14)

where Φ is an arbitrary constant. Thus the phase proba-
bility distribution is given by

| 〈θm | ψ(t)〉 |2=
1

s+ 1

∣∣∣∣∣∑
n=0

〈n | ψ(t)〉e−inθm

∣∣∣∣∣
2

(15)

with the expectation value

〈Φθ〉 =
s∑

m=0

θm | 〈θm | ψ(t)〉 |2 (16)

and the variance

〈(∆Φθ)
2r〉 =

s∑
m=0

(θm − 〈Φθ〉)
2r | 〈θm | ψ(t)〉 |2 . (17)

In this case we use the wave function given by equation (6),
and by using equation (15) we obtain the probability for
value for the phase distribution. Then as s tends to infinity
the summation may be transformed into an integral after
making the continuum replacements [9–15] This leads to
a continuous phase probability distribution in the form

P (θ, t) =
1

2π

[
1 + 2

∑
n>l

bnbl

×

(
An,l(t) cos(θ(n− l) + (γn,l)λt)

+Bn,l(t) sin(θ(n− l) + (γn,l)λt)

)]
(18)

where bn = qne
inφ and

An,l(t) = cosλtνn cosλtνl

+

{(
1

2λ
[∆+ βn− 2nχ]

)(
1

2λ
[∆+ βl − 2lχ]

)
+
√

(n+ 1)(l + 1)

}
sinλtνl
νl

sinλtνn
νn

, (19)

Bn,l(t) =
1

2λ

(
[∆+ βn− 2nχ] cosλtνl

sinλtνn
νn

−[∆+ βl − 2lχ] cosλtνn
sinλtνl
νl

)
. (20)

We can find the average value of the phase operator in the
form

〈Φθ〉 = 2
∑
n>l

bnbl
(−1)n−l

n− l

(
An,l(t) sin(γn − γl)λt

−Bn,l(t) cos(γn − γl)λt

)
. (21)

We now proceed to calculate the variance of the hermi-
tian phase operator. It is described by the summations
in the equation (18) which may be transformed into inte-
grals over the variable θ, over the range -π to π, then the
variance is given by

〈∆Φ2
θ〉 =

π2

3
+ 4

∑
n>l

bnbl
(−1)n−l

(n− l)2

(
An,l cos(γn − γl)λt

+Bn,l sin(γn − γl)λt

)
− (〈Φθ〉)

2. (22)

In what follows we discuss numerically some of these prop-
erties.

4 Discussion and conclusions

We have computed the phase probability distribution
function, the phase expectation value and variances of the
phase operator, related to a system of a 2-level atom in
interaction with a single mode with Stark shift and a Kerr-
like medium present. In our computations, we have taken
n̄ = 10, φ = 0 and ∆ = 0

Figure 1 shows the time evolution of the phase prob-
ability distribution P (θ, t) for χ/λ = 0 and for various
values of β/λ. When β equal to zero, it is remarked
that P (θ, t) exhibits symmetric splitting as λt varies as
shown in Figure 1a This is the counterrotating behaviour
observed earlier [9]. When λt = 0, P (θ, t) has a single-
peak structure corresponding to the initial coherent state.
The peaks are symmetric about θ = 0 so that the mean
phase always remains equal to zero. The time behaviour
of the phase probability distribution carries some infor-
mation about the collapse and revival of Rabi oscillations
[20]. When the phase peaks are well separated the Rabi
oscillations collapse and each time as the peaks meet (at
θ = 0 and/or ±π ) they produce a revival see Figure 1a.
When β/λ 6= 0, the situation is completely changed. As
shown in [15], during the propagation of a coherent field
in a Kerr medium the phase distribution not only shifts
but also broadens. Different features are visible in the case
under consideration, due to the Stark shift but with dif-
ferent rates. However, as we observe from Figures 1b to
1d, one of the peaks is damped as time develops. It is seen
that when β/λ = 1, it is almost static with very small
amplitudes compared with the other peak, whose rate of
shift becomes faster when plotted in a phase space as in
[9,13] this would show a small blob at rest while the other
larger blob moves faster around in this space. With larger
β/λ (= 5 in Fig. 1d) the last peak is localized and the con-
tinuous shift observed for β/λ ≤ 1 is lost. The irregularity
for β/λ ≤ 1 exhibits itself in the variance and mean value
of the phase see Figure 3a. But as β/λ increases regular
patterns in both the mean value and the variance are ap-
parent for β/λ = 1 in Figure 3c and β/λ = 5 in Figure 3d.
It is to be remarked that the phase variances assume its
peak at the collapse period for the mean photon number.
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Fig. 1. Plots of the phase distribution P (θ, t) as a function of the scaled time λt for, n̄ = 10, χ/λ = 0 and (a) β/λ = 0 (b)
β/λ = 0.2 (c) β/λ = 1 (d) β/λ = 5.

Reduction in the amplitude of the right hand shifted
peak can be attributed to the coefficient of the sinusoidal
functions with arguments θ(n− l) + γn,lλt± (νn − νl)λt.

As a matter of fact we can write P (θ, t) of (18) in the
form P (θ, t) = P s + P f where P f contains summations
of fast oscillating terms namely cos[(n − l)θ + γn,lλt ±
(νn + νl)λt]. These terms do not almost contribute to the
probability. The main contribution comes from the slowly
oscillating terms with summation of the form cos[(n−l)θ+
γn,lλt ± (νn − νl)λt]. The amplitudes of these two terms
in the sum are of the ratio

(1 + cos(ξn − ξl)− sin ξn − sin ξl) :

(1 + cos(ξn − ξl) + sin ξn + sin ξl), (23)

where cos ξn =
√
n+ 1/νn and sin ξn = (β/2 − χ)n

and this shows the decrease of the amplitude observed
in the Figures 1 and 2 for β/λ and χ/λ 6= 0. Increasing
the parameter β/λ leads to the decoupling of the system
and the interaction with the atom becomes very small
compared with the Stark shift. The dependence on
the time is almost periodic in this case, and hence the

localization of the phase as shown in Figure 1d. This can
be seen also in Figures 3c and d. When we further take
the Kerr effect through the parameter χ/λ, we observe
that the Kerr medium leads to the diffusion of the peaks
[15]. However the Stark effect persists when β � χ. The
increase of the parameter χ/λ adds irregularity to the
mean phase, and the variance in the phases see Figure 4.

In conclusion, it is observed that the symmetry shown
in the standard JCM for the phase distribution is no longer
present once Stark or Kerr effect is added. The peaks are
split but the two split peaks move with different rates.
The one with the slower rate faces damping while the
faster peak gains in the amplitude. With the increase in
the Stark shift parameter β/λ, localization for the phase
distribution is obtained. The Kerr effect on the other hand
tends to damp and diffuse the distribution.

One of us (M. A.) would like to thank Professor P. Lambropou-
los for the hospitality extended to him at the Max-Plank-
Institut für Quantenoptik and for discussion.
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Fig. 2. The same as in Figure 1 but for χ/λ = 0.01.

Fig. 3. Plots of phase variance (· · ··) 〈∆Φ2
θ〉 and mean phase

( —– ) 〈Φθ〉 as a function of the scaled time λt for, n̄ = 10,
χ/λ = 0 and (a) β/λ = 0, (b) β/λ = 0.2, (c) β/λ = 1, (d)
β/λ = 5.

Fig. 4. The same as in Figure 3 but for χ/λ = 0.01.
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